
Math Logic: Model Theory & Computability
Lecture 05

Example. In + = = (1 ,.) , let A := (4
,
1
,
0) and B : = /, l

mon

Then ti= (v, A) . Vs is a 5 therm
,
and Huyvel and tu , vs, Velmon

nee both extended terms. +Alvi ,vs) :< -> I is given by (n, ha) #> (ni
· 1) Me

while+ (v,Vs) : -> taking (n ,M2) It (n , + 01 + H2 .

On the other hand
,

+* (v, Us , Va : < -> & given by Lu
,ha, Us) It (ni 1] Ne

and tE(r, ,Va) : <
"
-> 1 is given by (nyma, na) It (n +01 + hm .

We call the variable present is i but not used in t dummy vari-
ables. Note that to obnote the value of the function tECV

, Us,Vel

atIn , Machal
,
we would have to write +

* (v
,
Us
, Vall, , ha, Ma),

so when here is no chance of confusion
,whichis

too camberse, ,na
,
us

Just like homomorphisms preserve the constant and operations, key also
also preserve interpretations of terms :

Prop . Let A := /A
,
5) and B == /B

,
5) be --structures and hiAt&

be a homomorphism. Then for each extended -term + (i) with
n := Ii)

,
we havehat

hot /) = + P(v) oh,
more precisely ,

h(t(a)) = +(h(a)) for all a + A"
.

Proof. We prove this by induction on the length/construction of t.
Case 1 : t = <

,
where <choust15). Then h/t

*(a) = h / <# ) = <
+
= +* (h(<) .

Case I : t = Vi
,
where ri is a variable . Then becase tit is an ext. Merm

,



this vi must appear in i /
h(tE(a) = h)aj) = (klat)g = "I j variable

,
so

Case 3 : + = flty ..., ta) , where EGFnnct(t) and ti
...,
to are o- terms

.R

Then because tit is an exterm
,
so are t

,
(i), ..., tri . Hence

by induction , h(t(a)) = +(U(a) for each it) , ..., d) .

Moreover
,
beas h is a how

,
h commutes with the interpretation

so h(+* (a) = h(f)tta), ..., (a)) = + * /n(t al), ..., hItr(l)of * CU(E), ..., t(h(a)) = t
* (h(al).

Terms are names for new functions obtained byerposition from contacte
and variables. We also need names for relations ( = true/fals valued fanc-

tions) obtained from the equality and relation symbols in T by logical
connectives and quantifiers.

Def
.
Aa-formula is a wordy in the alphabetAs defined inductively
as follows:

(i) Y = t, to where ti
,
to are r-terms

.

&

(ii) Y := R (t
,
ta
, ...,
tal

,
where Re Relp)t) and ti ..., to are t-terms .

(iii) (4 VM), where ↑, Y are -formulas
.

(iv) 1- 4)
,
where ↑ is a T-formula

.

(v) (5r:4) , where Y is a -formula and vi is a variable
.

Examples. (a) Tarthm
:= 10

,
S
, +,

· )
,
where S is a unary function synbol and

the other symbols are as expected. Then the following are for-

malas : S/S(0) = Vo
, Ery(Iv, vo)+ S(0) = va) V (S(0) = 0)) .

(b) In the
same signature Tartan

,
let's abbreviate by ii. scoll.



Also vii-Vivi.... - v). Also
,
let ↑ 1M == -(GMUGa)

↑- >M : = / 4 VM

Then He followanTartan-formulas: Wri4 : = 1(7vi(4)

1 : = (7z(x+ z= y)) Cue use other letter like x
, 4 ,
z
,
2
,
v
,
~ for variable

divi = (bz(x . z = y)) with the understanding But these should all

prime : = (x(div -> (( = = V( = y()) be replaced by vo
,
V
,
V
, ... (

We now need to define extended -formulas
,

but unlike with terms
,

it's not as simple as just requirin the rector I to include al
variables present in a giveno formula beare some variable

may
appear under quantifiers. For example Kx(x =x) is a -formk
and intuitively ,

it is always tome and to compute this we don'tred
to give x a value from "outside". Even worse ,

in the formula
(kx(x =y))v((x = z)) .

We need to define a motion of a free variable...


